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Abstract. For every semi-simple Lie algebra g one can construct the Drinfeld- 
Jimbo algebra U^'^{g). This algebra is a deformation Hopf algebra defined by 
generators and relations. To study the representation theory of Uj^''' (g), Drin- 
feld used the KZ-equations to construct a quasi-Hopf algebra Ag . He proved 
that particular categories of modules over the algebras U^''{g,) and Ag are 
tensor equivalent. Analogous constructions of the algebras Uf^'^{Q) and Ag 
exist in the case when g is a Lie superalgebra of type A-G. However, Drin- 
feld's proof of the above equivalence of categories does not generalize to Lie 
superalgebras. In this paper, we will discuss an alternate proof for Lie super- 
algebras of type A-G. Our proof utilizes the Etingof-Kazhdan quantization of 
Lie (super)bialgebras. It should be mentioned that the above equivalence is 
very useful. For example, it has been used in knot theory to relate quantum 
group invariants and the Kontsevich integral. 



1. Introduction 

Quantum groups were introduced independently by Drinfeld and Jimbo around 
1984. One of the most important examples of quantum groups are deformations of 
universal enveloping algebras. These deformations are closely related to Lie bial- 
gebras. In particular, every deformation of a universal enveloping algebra induces 
a Lie bialgebra structure on the underling Lie algebra. In Pj Drinfeld asked if the 
converse of this statement holds: "Does there exist a universal quantization for 
Lie bialgebras?" Etingof and Kazhdan gave a positive answer to this question. In 
this paper we further this work by extending Etingof and Kazhdan's work from 
Lie bialgebras to the setting of Lie superbialgebras. Moreover, we will generalize a 
theorem of Drinfeld's from Lie algebras to Lie superalgebras of type A-G. 

Given a semisimple Lie algebra g, Drinfeld constructs the following algebras: 

(1) the Drinfeld- Jimbo quantization Uj^'' {q) of g which is a deformation of the 
Hopf algebra L/(g), 

(2) a quasi-Hopf algebra which is isomorphic as a vector space to C/(g)[[ft.]]. 

These algebras are quite different in nature. Uj^'^ {q) is a Hopf algebra which is 
defined algebraically by generators and relations. The non-trivial and complicated 
structure of UJ^'^q) is encoded in these relations and the formulas defining the 
coproduct. On the other hand, the definition of is based on the theory of the 
Knizhnik-Zamolodchikov differential equations. Compared to [/^'^(g), the algebra 
structure and the coproduct of A^ are easy to define. The rich structure of A^ is 
encoded in the fact that its coproduct is not coassociative. 
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Drinfeld was interested in the representation theory of the algebras Uj^'^ [q] and 
Ag. Let X he & topological algebra and let X-Modfr be the category of topologi- 
cally free X-modules of finite rank fsee l2.2|l . 

Theorem 1 (|5]). The categories Uf^'' {Q)-Modfr and A^-Modfr are tensor equiv- 
alent. 

This theorem allows one to play the differences of U/^'^q) and Ag off of one 
another, leading to a deeper understanding of the category Uj^'^Qj-Modfr- It 
turns out that Theorem ^ is also useful in knot theory. In particular, Le and 
Murakami used Theorem ^ to show that quantum group knot invariants arising 
from representations of Lie algebras can be studied through the Kontsevich integral. 

The algebras Uj^'' {q) and can be constructed for some classes of Lie su- 
peralgebras. In 21 we will construct A^ for a suitable Lie superalgebra g. The 
generalization of U^'^ {q) to the setting of Lie superalgebras has been considered by 
many authors (see |10[ 1141 IT^ '). This generalization introduces defining relations 
(e.g. (I19I2()|I ^ that are of a different form than the standard quantum Serre rela- 
tions of [/^"^(g). Let us call these additional relations the extra quantum Serre-type 
relations. Unlike the case for semi-simple Lie algebras, the (quantum) Serre-type 
relations are not well understood for all Lie superalgebras. For this reason we will 
consider the Lie superalgebras of type A-G. Yamen |19[ I20| obtained (quantum) 
Serre-type for every Lie superalgebra of type A-G. 

The proof of Theorem ^ does not have a straightforward generalization to the 
setting of Lie superalgebras. Drinfeld's proof uses deformation theoretic arguments 
based on the fact that i?*(g,t/(g)) = 0, i = 1,2, for a semisimple Lie algebra. 
In general, this vanishing result is not true for Lie superalgebras (for example 
sl(2|l), mi). However, in HIOI we will prove that Thoerem ^ is true when g is 
a Lie superalgebra of type A-G. Our proof is based on a different approach than 
Drinfeld's, utilizing the quantization of Lie (super)bialgebras. 

Our proof of Thoerem ^ (when g is a Lie superalgebra of type A-G) starts by 
generalizing the Etingof-Kazhdan quantization of Lie bialgebras to the setting of 
Lie superbialgebras. Note that it can be shown that g can be given a natural 
structure of a Lie superbialgebra. Let Uhio) be the E-K quantization of g. By 
construction C//i(g) is gauge equivalent to Ag. With sufficient hypotheses, Drinfeld 
showed that if two algebras are gauge equivalent then their module categories are 
equivalent. In a similar fashion, we will show that Uh{5)-Modfr is tensor equivalent 
to Ag-Modfr. As one would expect the generalizations discussed in this paragraph 
are straightforward. 

The proof is completed by constructing a Hopf algebra isomorphism between 
f//i(g) and Uj^'^ {q). This method is similar to where it is shown that analogous 
result holds for any generalized Kac-Moody Lie algebra a. The proof of 8 shows 
that Uh{a) is given by generators and relations. In particular, the authors of |Hj 
define a bilinear form and use results of Lusztig '15' to show that the quantum Serre- 
type relations are in the kernel of this form. Similar techniques apply in the case 
when g is a Lie superalgebra of type A-G. However, as mentioned above, {q) 
has extra quantum Serre-type relations. In order to adapt the above methods we 
will extend results of Lusztig 15 to the setting of superalgebras and check directly 
that the extra quantum Serre-type relations are in the kernel of the appropriate 
bilinear form. 
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The Etingof-Kazhdan quantization 6 has two important properties that we use 
in this paper: the first being that it is functorial and second that it commutes with 
taking the double. With this in mind, we wiU next discuss the notion of the double 
of an object. Let g be a finite dimensional Lie superbialgebras. The double of g 
is the direct sum D{q) := g © g* with a natural structure of a (quasitriangular) 
Lie superbialgebras. Similarly, let A be a quantized universal enveloping (QUE) 
superalgebra and let A* be its quantum dual, i.e. a QUE superalgebra which is 
dual (in an appropriate sense) to A. The double of A of is the tensor product 
D{A) := A($ A* with a natural structure of a quasitriangular QUE superalgebra. 
By saying the E-K quantization commutes with taking the double we mean that 
D{Uh{Q)) = Uh{D{Q)) as quasitriangular QUE superalgebras. 

We will now give an outline of this paper. There are several different quantization 
given in this paper which turn out to be isomorphic. We hope that following outline 
will help the reader understand why each quantization is important. 

In 32 we will recall facts and definitions related to Lie superbialgebras, topolog- 
ically free modules and QUE superalgebra. In SjHl we will give the definition of a 
Lie superalgebra of type A-G and its associated D-J type quantization U^'\q). In 
^ we will use the super KZ equations to define the quasi-Hopf superalgebra A^. 
We will also define the Drinfeld category. 

In ^ we will extend the Etingof-Kazhdan quantization of finite dimensional 
Lie bialgebras, given in Part I of [^j, to the setting of Lie superbialgebras. Let g 
be a finite dimensional Lie superbialgebra. Section |S1 consists of three important 
parts: (1) the construction of a quantization H of the double -D(fl), (2) show that 
H has a Hopf sub-superalgebra Uhio) which is a quantization of g, (3) prove that 
H and Uhio) are further related by the following isomorphism of quasitriangular 
Hopf superalgebras 



where Uh{Q)* is the quantum dual of Uh{Q) and D{Uh{Q)) '■= Uhis) ® Uhis)*- 
In ^ we will construct the E-K quantization of quasitriangular Lie superbial- 



for any finite dimensional Lie superbialgebra g. 

In ^JZI we will construct a second quantization of finite dimensional Lie super- 
bialgebras. The importance of this quantization is that it is functorial. It turns out 
that it is isomorphic to the quantization given in section |S1 For this reason we also 
denote it by Uhid)- 

In SjHl we will use the functoriality of the quantization to show that U^*{q) = 
Uhis) for any finite dimensional quasitriangular Lie superbialgebra g. As noted 
above, the double of a Lie superbialgebra has a natural structure of a quasitriangular 
Lie superbialgebra. Therefore, we have 



(1) 




(3) 



c/r(i?(0))=c/,(i?(0)) 
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for any finite dimensional Lie superbialgebras g. We will close section|Hlby combin- 
ing m, and JSJ to conclude that the E-K quantization commutes with taking 
the double. 

In SjSJ we will prove that the E-K quantization Uh{Q) is isomorphic to the D-J 
type quantization C/,f '^(g), where g is a Lie superalgebra of type A-G. The proof 
of this will rely heavily on the fact that the E-K quantization is functorial and 
commutes with taking the double. 

In moi we give a proof of Theorem ^ when g is a Lie superalgebra of type A-G. 

Acknowledgments. The author is grateful to P. Etingof for his useful suggestions 
and conversations. Also he thanks A. Berenstein, B. Shelton and A. Vaintrob for 
their attention and comments. 

2. Preliminaries 

Let A; be a field of characteristic zero. 

2.1. Superspaces and Lie super(bi)algebras. In this subsection we recall facts 
and definitions related to superspaces and Lie super(bi)algebras, for more details 
see [121 HHj. 

A superspace is a Z2-graded vector space V — Vq (B Vi over k. We denote 
the parity of a homogeneous element x £ V by x G 'Zi2- We say x is even (odd) if 
X gVq (resp. x S Vj). Let V and W be superspaces. The space of linear morphisms 
Homfc(y, VF) from V to W has a natural Z2-grading given by / S llomk{V,W)j 
if f{Vi) C Wi+j for i,j e Z2. In particular, the dual space V* — Homfc(V^,fc) 
is a vector superspace where k is the one-dimensional superspace concentrated in 
degree 0, i.e. k = kg. Throughout this paper the tensor product will have the 
natural induced .Z2-grading. Let Ty w ■ V ^ W ^ W 1^ V he the linear map given 

by 

(4) Tv,w(.v (g)w) = {-if^w (g) V 

for homogeneous v E V and w G W. When it is clear what V and W are will write 
T for Tv,w- A linear morphism can be defined on homogeneous elements and then 
extended by linearity. When it is clear and appropriate we will assume elements 
are homogeneous. Throughout, all modules will be Z2-graded modules, i.e. module 
structures which preserve the Z2-grading (see .12, )• 

A Lie superalgebra is a superspace = flo ® 01 with a superbracket [ , ] : g*^^ — > q 
that preserves the Z2-grading, is super-antisymmetric ([a;,?/] = —{—l)^^[y,x]), and 
satisfies the super- Jacobi identity (see (12p. A Lie superhialgebra is a Lie superal- 
gebra with a linear map (5 : g — > h^Q that preserves the Z2-grading and satisfies 
both the super-coJacobi identity and cocycle condition (see pP). A triple (g, g+, 0_) 
of finite dimensional Lie superalgebras is a finite dimensional super Manin triple 
if Q has a non-degenerate super-symmetric invariant bilinear form <, >, such that 
= © g_ as superspaces, and 0+ and g_ are isotropic Lie sub-superalgebras of 
Q. There is a one-to-one correspondence between finite dimensional super Manin 
triple and finite dimensional Lie superbialgebra (see [I,, Proposition 1]). 

Let be a Lie superalgebra. Let r G g (g) and let 

CYB{r) := [ri2,ri3] + [ri2,r23] + [ri3,r23] S 0^ 

be the classical Yang-Baxter element. A quasitriangular Lie superbialgebra is a 
triple (0, [ , ] , r) where (g, [ , ]) is a Lie superalgebra and r is an even element of ® g 
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such that r + T{r) is g-mvariant, CYB{r) — and (g, [, ], dr) is a Lie superbialgebra, 
where dr{x) :— [x ® 1 + 1 ® x^r]. 

Now we define the double of a finite dimensional Lie superbialgebra. Let [, , 5) 
be a finite dimensional Lie superbialgebra and (g, 0+,0-) its corresponding super 
Manin triple. Then 0+ ffi 0- has a natural structure of a quasitriangular Lie 
superbialgebra as follows. The bracket on g is given by 



[x,y\B+ ifa;,?/e0+ 

[x,y\s- if 2^,2/6 0~ 



(5) [x,y] = 

^ {ad*x)y - {-lfy{l (g) y)S{x) if x G 2+,y e Q- 

where ad* is the coadjoint action of 0+ on 0_ = 0!i_. Let pi, ...,p„ be a homogeneous 
basis of 0+. Let mi,...,m„ be the basis of 0_ which is dual to pi,...,p„, i.e. 
< mi,pj 5ij. Define r = rm G 0+ (g) 0_ C (g 0. Then the triple 

(0, [,],r) is a quasitriangular Lie superbialgebra (see P). We call the double of 
0+ and denote it by D{g+). 

We can also define the Casimir element of 0. Notice mi, m„,pi, ...,p„ is a 
basis of that is dual to the basis pi, ...,Pn, (— l)™^mi, (— l)™"m„. Define the 
Casimir element to be 

(6) f7 = ^p, 0TOi + ^(-l)"-mi(g)p, = r + T{r). 

An element a G is invariant (resp. super-symmetric) if (g) 1 + 1 (g) a;, a] =0 
for all a; G (resp. a — T(a)). The element is an even, invariant, super- 
symmetric element. Also, note that the element fl is independent of the choice of 
basis pi, ...,Pn- 

2.2. Topologically free modules. Here we recall the notion of topologically free 
modules (for more detail see 

Let K = k[[h]], where h is an indeterminate and we view K as a superspace 
concentrated in degree 0. Let M be a module over K . Consider the inverse system 
of iC-modules 

p„: Mn = M/K^M Mn-i = M/h'^-^M. 

Let M ~ lim Mn be the inverse limit. Then M has the natural inverse limit topology 

(called the /i-adic topology). We call M the /i-adic completion of M. 

Let y be a /c-superspace. Let ^[[/i]] to be the set of formal power series. The 
superspace is naturally a i^-module and has a norm given by 

||w„/i" -t- w„+i/i"+^ + • • • II = 2-" where Vn ^ 0. 

The topology defined by this norm is complete and coincides with the h-adic topol- 
ogy. We say that a iC-module M is topologically free if it is isomorphic to V[[h]] for 
some A:-module V . Notice that if / : M ^ TV is a if -linear map between topologi- 
cally free modules then / is continuous in the /i-adic topology since /(/i"M) C /i"7V 
by K linearity. For this reason we will assume that all if-linear maps are continu- 
ous. 

Let M, N be topologically free if-modules. We define the topological tensor 
product of M and to be M N which we denote by M iS) N. This definition 
gives us the convenient fact that M (E) N is topologically free and that 

for fc-module V and W. 
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We say a (Hopf) superalgebra defined over K is topologically free if it is topo- 
logically free as a if-module and the tensor product is the above topological tensor 
product. 

2.3. Quantized Universal Enveloping Superalgebras. A quantized universal 
enveloping (QUE) superalgebra A is a topologically free Hopf superalgebra over 
C[[h]] such that A/hA is isomorphic as a Hopf superalgebra to U{q) for some Lie 
superalgebra q. The follow proposition was first given in the non-super case by 
Drinfeld 4 and latter proven in the super case by Andruskiewitsch T. 

Proposition 2 Let A he a QUE superalgebra: A/hA = U{g). Then the 

Lie superalgebra g has a natural structure of a Lie superbialgebra defined by 

(7) (5(a;) = /i-i(A(i) - A°P(i)) mod h, xeg 

where x £ A is a preimage of x and A°p :— T^/j-g-) [/(g) oA (for the definition of t , 
see ^). 

Definition 3. Let A be a QUE superalgebra and let (g, [, ],(5) be the Lie super- 
bialgebra defined in Proposition |21 We say that A is a quantization of the Lie 
superbialgebra g. 

Let A be a Hopf superalgebra and let i? e A (g) A be an invertible homogeneous 
element. We say (A, R) is a quasitriangular Hopf superalgebra if 

(8) EA =A°f ii, 

(9) (A® l)(i?) -i?i3i?23, (1® A)(i?) =i?i3i?l2. 

From relations © it follows that (e (g) 1)R — {1® e)R — 1 which implies that R is 
even. 

Let A be a quantization of a quasitriangular Lie superbialgebra (0,r) and let 
R £ A® A be an invertible homogeneous element. We say (A, R) is a quasitriangular 
quantization of (g, r) if R satisfies (jHl, © and 

(10) R=l + hr mod /i^ 

2.4. The quantum dual and the double. In this subsection we define the quan- 
tum dual and double of a QUE superalgebra. We will use these construction 
throughout the rest of the text. The definition of the quantum dual was first given 
by Drinfeld 0j in the non-super case. For more on quantum duals see |^ l?n ITT]. 

Let A be the symmetric tensor category of topologically free fc[[ft,]]-modules, with 
the super commutativity isomorphism r given in and the canonical associativity 
isomorphism. Let A be a QUE superalgebra and set A* — Hom^(yl, fc[[ft,]]). Then 
A* is a topological Hopf superalgebra where the multiplication, unit, coproduct, 
counit, and antipode are given by fg{x) — {f ® g)A{x), e, A/(x y) = f{xy), 1, 
and S* (respectively) for f,gGA* and x,y E A. Let /* be the maximal ideal of A* 
defined by the kernel of the linear map A* ^ k given hy f '—^ /(I) mod h. This 
gives a topology on A* where {(/*)", n > 0} is a basis of the neighborhoods of zero. 

Here we give the definition of the quantum dual. Define (A*)^ to be the /i-adic 
completion of the fc[[/i]]-module T,n>o^~"i^*)" ■ Then {A*y is a QUE superalge- 
bra which denote by A*. We call A* the quantum dual of A. Let (5„ : A — > A®" be 
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the linear map given by Si{a) = a — e(a)l, ^2(0) = A(a) — a^l — l^a + e(a)l (g) 1, 
etc. Define A' = {a ^ A\Sn{a) e ft," A"}. Then as shown in 11 we have 

(11) {A*y =A*, {A'y =A 

Now we define the notion of the double of A. Let {xi}i^j be a basis of A and let 
{yi}iei be the corresponding dual elements of A*, i.e. < yi,Xj >— 6ij. From ^2 
§3.5] it follows that R = J^iei '8> 2/i is a well defined element oi A(^ A*. 

The following proposition was first due to Drinfeld. 

Proposition 4. Let A be a QUE superalgebra and A*°p its dual QUE superalgehra 
with opposite coproduct = ta,a°^)- Let R he the canonical element defined 

above. Then there exist a unique Hopf superalgehra structure on D[A) := A® A*°^ 
such that 

(1) A and A*°P Hopf suh-superalgebra of D{A). 

(2) The linear map A ® A*°p — s- D{A) given by a® a' ^ aa' is a bijection. 

(3) R is a quasitriangular structure for D{A). 

Proof. The proof follows as in the pictorial proof of Proposition 12.1 in 9 . One 
only needs to notice that the corresponding pictures hold in the super case and 
account for the necessary signs in relation (12.4) and in the proof of Lemma 12.1. 
We call D{A) the quantum double of A. 

3. The Drinfeld-Jimbo type quantization of Lie superalgebras of 

TYPE A-G 

In this section we recall the defining relations of both a complex Lie superalgebra 
of type A-G and it quantum analogue. The relations defining these superalgebras 
are not easily obtained and are of a different nature than relations arising from 
Lie algebras. In this section we also show that a Lie superalgebras of type A-G 
has a natural structure of a Lie superbialgebra. For the purposes of this paper 
Lie superalgebras of type A-G will be complex and include the Lie superalgebra 
D(2,l,a). 

Any two Borel subalgebras of a semisimple Lie algebra are conjugate. It follows 
that semisimple Lie algebras are determined by their root systems or equivalently 
their Dynkin diagrams. However, not all Borel subalgebras of classical Lie super- 
algebras are conjugate. As shown by Kac a Lie superalgebra can have more 
than one Dynkin diagram depending on the choice of Borel. However, using Dynkin 
diagrams Kac gave a characterzation of Lie superalgebras of type A-G. Using the 
standard Borel sub-superalgebra, Floreanini, Leites and Vinet ^01 were able to con- 
struct defining relations for some Lie superalgebras and their quantum analogues. 
Then Yamane [2DJ gave defining relations for each Dynkin diagram of a Lie super- 
algebra of type A-G. These relations are given by formulas which depend directly 
on the choice of Dynkin diagram. For this reason, we will restrict our attention to 
the simplest case and only consider root systems with at most one odd root. 

3.1. Lie superalgebras of type A-G. Let := flg © 01 be a Lie superalgebra 
of type A-G such that gj ^ 0. As mentioned above, Kac ^21 showed that q is 
characterized by its associated Dynkin diagrams or equivalently Cartan matrices. 
A Cartan matrix associated to a Lie superalgebra is a pair consisting of a matrix 
M and a set r determining the parity of the generators. As shown by Kac |12j . 
there exist simple root systems of g with exactly one odd root. Let $ = {ai, Us} 
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be such a simple root system and let {A, {m}) be its corresponding Cartan matrix 
where am is the unique odd root. Note that all simple root systems with exactly 
one odd root are equivalent and lead to the same Cartan matrix (see T?, §2.5.4]). 
The Dynkin diagrams corresponding to such Cartan matrices are listed in Table VI 
of For notational convenience we set / = {1, s}. 

Theorem 5 f I2()|). Let g be a Lie superalgehra of type A-G with associated 
Cartan matrix {A = {aij),T) where r = {m} (as above) or t = % (purely even 
case). Then q is generated by hi, e^, and fi for i € I (whose parities are all even 
except for Ct and ft, t d t, which are odd) where the generators satisfy the relations 



(12) [hi, hj] = 0, [hi,ej] = atjCj, [h^, fj] = -a^- [d, fj] = Sijhi 
and the "super classical Serre-type " relations 

[et,ei\ = [ft, fi] ^OforiET 
{ad e,)^+l°'^"lej = {ad /O^+'^'^'/j =0, if i ^ j, and i i t 



(13) [[[em_i, em]em], e™] = [[[/m-l, /m]/m], /m] = 

if the Cartan Matrix A is of type B, r — {m} and s = m. 

where [,] is the super bracket, i.e. [x,y\ — xy — {—l^^yx. 

For the rest of this paper when considering Lie superalgebras of type A-G we 
will assume that these Lie superalgebras are defined by the generators and relations 
given in Theorem 

3.2. Lie superbialgebra structure. In this subsection we will show that Lie su- 
peralgebras of type A-G have a natural Lie superbialgebra structure. The following 
results are straight forward generalizations of the non-super case. 

Let be a Lie superalgehra of type A-G with associated Cartan matrix {A, t) 
(here we consider any Cartan matrix). Let \) =< hi >i^i be the Cartan subalgebra 
of 0. Let n+ (resp., n_) be the nilpotent Lie sub-superalgebra of generated by 
Ci's (resp., /i's). Let h± := n± ® f) be the Borel Lie sub-superalgebra of 0. 

Let ?7-|- : b± ^ © () be defined by 



where x is the image of x in f). Using this embedding we can regard b+ and b_ as 
Lie sub-superalgebras of g f) 

From Proposition 2.5.3 and 2.5.5 of ^21 there exists a unique (up to constant 
factor) non-degenerate supersymmetric invariant bilinear form (, ) on q. Moreover, 
the restriction of this form to the Cartan sub-superalgebra f) is non-degenerate. Let 
(, )g®i, :=(,) — (, )i, , where (, )(, is the restriction of (, ) to \). 

Proposition 6. (0 © f), b+, b_) is a super Manin triple with (, )g©f,. 

Proof. Under the embedding ri± the Lie subsuperalgebra b± is isotropic with respect 
to (,)Bei)- Since (,) and (,)(, both are invariant super-symmetric nondegenerate 
bihnear forms then so is (, )g©t). Therefore the Proposition follows. 




Cm+l]]] — [fm, [/m-l, [/m,/m+l]]] — 



if m ~ l,m,m-|-l € / and amm = 



i]±{x) 



X® (±x). 
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The Proposition implies that 0®f), b+ and b- are Lie superbialgebras. Moreover, 
we have that b*^ ^ as Lie superbialgebras, where °^ is the opposite cobracket. 

A straightforward calculation from the definition (see 4.4.2 of "W) shows that 
® f) is an ideal of the Lie superbialgebra ® [}. Therefore, ® [)/(0 © t)) —3 
is a Lie superbialgebra. Now from Proposition 8 of 1 , we have that (g, f ) is a 
quasitriangular Lie superbialgebra where f is the image of the canonical element r 
in D{b+) = g © f) under the natural projection (for the definitions of r and D see 
Oil . 

3.3. The Drinfeld-Jimbo type superalgebra U^''{g). As mentioned above, 
Yamane defined a QUE superalgebra for any Cartan matrix associated to the su- 
peralgebras of type A-G. In this subsection we will summarize his results for Cartan 
matrices coming from root systems with exactly one odd root. 
Set 



m + n 
n 



t 



t 



))eC[t]. 



I * 1=0 

Let g be a Lie superalgebra of type A-G with associated Cartan matrix {A, t) 
where r — {m} or t ~ $. The matrix A is symmetrizable, i.e. there exists nonzero 



, such that diUij 



djaji. By rescaling, if necessary, we 



rational numbers di, 
may and will assume that di — I. 

Let h be an indeterminate. Set q — e'*/^ and qi — q'^\ 

Definition 7 ([T3Eni)- Let t/^'^(g) be the C[[/i]]-superalgebra generated by the 
elements hi, Ci and fi, i (z I satisfy the relations: 



(14) 

(15) 

(16) 
(17) 

(18) 

(19) 



ndihi _ 



-dihi 



[Cij fj] _i 

<lt - 

-0 for i Cz I such that a^. 



[hi, fj] — O-ijfji 



0, 



E 

v=0 



i-ir 



ei, Cj] =0 for i,j G / such that fly — and i ^ j, 
1 



a 



V 



e. 



l+l^i j \ —v 



CjC^ — for 1 < i ^ j < s and i ^ r, 



- {q + q~^)emem-iem-\-iem = ifm-l,m,m+lG / and amm = 0, 



(20) 



{q + q ^ - l)eme„_ie^ - (g + g ^ - l)el 



if the Cartan Matrix A is of type B, t = {m} and s — m. 

and the relations H16|l - (|2()|l with e replaced by /. All generators are even except for 
Ci and fi [i G r) which are odd. 
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We call the relations H16(l - (|20|1 the quantum Serre-type relations. 

Khoroshkin and Tolstoy 14 and Yamane |19l 1201 used the quantum double 
notion (see ^2.4|l to give U^'^ [q] an explicit structure of a quasitriangular Hopf su- 
peralgebra. In the remainder of this subsection we recall some of their results which 
are needed in this paper. Let Uj^'^ {b+) be the Hopf sub-superalgebra of U{^'^ [q] 
generated f) and elements e^, z = 1, . . . , n + m — 1. By construction U/^'^{b+) is a 
QUE superalgebra. From Proposition 0] we have that {D^U/^"^ {b+)), R) is a quasi- 
triangular QUE superalgebra, where R is the canonical element of D{U^'^ {b+)) = 
1/^-^(6+) (g) C/f '^(b+)*. There exists a epimorphism from D{U,^-^{b+)) to J/f "'(g) 
coming from the identification of () S ?7^'^(b+) and ()* S U/^-'{b+y. Let R be the 
image of R under this epimorphism. The following proposition is a consequence of 

[111131201 

Proposition 8. The pair {Uj^'^ (q), R) is a quasitriangular quantization of the qua- 
sitriangular Lie hialgebra (g, r) where r is the image of the canonical element asso- 
ciated to the super Manin triple (g © f), b+, b_) under the projection g© () ^ g (see 
ij^. 1]) . In particular, the coproduct and counit given by 

A(e,) ® + 1 (g e„ A(/,) =/, ® 1 + q''"'''^ (g) /„ 

A(a) =a 1 + 1 (g) a, e(a) =e(ei) = e(/j) 

all a Cz f). 

Proof From [1311111201 we have that ({/^''(g), R) is a quasitriangular QUE super- 
algebra. We only need to show that relation (|10|l holds. But this follows from the 
explicit formula for the R-Matrix given in Theorem 8.1, and equations (8.4) and 
(8.5) of [13]. Also, see [201- We call Uj^^ {q) the Drinfeld-Jimbo type quantization 
of g. 

4. The superalgebra A^j, and the Drinfeld category 

In this section we define a quasitriangular quasi-Hopf superalgebra structure on 
C/(g)[[/i]]. This construction is due to Drinfeld. We also define the Drinfeld category 
associated to a Lie superalgebra. 

4.1. The quasitriangular quasi-superbialgebra [/(g)[[/i]]. A superalgebra A is 
a quasitriangular quasi-superbialgebra if there exist even algebra homomorphisms 
Is. : A A® A and e : A k and invertible homogeneous elements R G A®^ and 
$ e such that 

(21) (1 «) A) (g A = $(A (g 1) «) A$-\ 

(22) A°PR = i?A, 

(23) (l(ge(g 1)($) = l(g 1, 

(24) 4'l,2,34$12,3,4 = $2,3,4$1,23,4$1,2,3, 

and the hexagon relations 

(25) (A (g l)(i?) = $312i?13$r32-R23*, (1 ® A)(i?) = $2"3\-Rl3*213i?12$-'. 
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Relation (|23|1 implies that <i> is even. Also, from relations H25|l it follows that 
(e (g) l)i? = (1 (X) e)R ~ 1 which implies that R is even. 

Recall the definition of the r given in 10}. Let g be a finite dimensional Lie 
superalgebra and let U (g) be its universal enveloping superalgebra. Let t be an 
even invariant super-symmetric element of g (8) fl, i.e. an element t ^ ^^^gk ® hk 
such that gk — hk for all fc, 



For n e N define € J7(g)®" for all i < j (resp. i > j) by t (resp. r(t)) acting on 
the z"* and j*'' components of the tensor product J7(0)®"[[/i]]. 
Consider the system of differential equations 



where h — h/ {2tt\/—1). This system of equations has singularities at 0, 1 and oo. 
It follows from the theory of differential equations that a analytic solution on (0, 1) 
with a given initial value is unique. Let ^0(2:) and Fi{z) be the solutions of 
define on (0, 1) which have the asymptotic behavior Fo{z) ~ z^*'^^ as z — > and 
Fi(z) ~ {1- zY'*^^ as z -> 1. 

Define $ to be the invertible element such that Fq{z) = We call $ the 

super KZ associator. 

Theorem 9. |2| The superalgebra (t/(g)[[/i]], A, e, $, i? :— e''*/^) is a quasitriangu- 
lar quasi- superhialgehra. 

Proof. In [2] Drinfeld defines a Lie algebra an as the free Lie algebra with generators 
Xij, 1 < « ^ J < n, module the relations 



for i ^ i ^ k ^ I. Replacing htij in the KZ-equation by X^j, Drinfeld showed that 
relations 121() - (|25|l hold. Now let g be a Lie algebra with an g-invariant symmetric 
two tensor t in any symmetric linear tensor category. The morphism 



given by Xij ^ tij, imposes relations analogous to relations (|21|) - (|25|l on ?7(g). 
Thus, applying the above discussion to the symmetric linear tensor category of 
superspaces the result follows. 

The quasi-superbialgebra ([/(g)[[/i]]. A, e, $) is a deformation of the quasi-Hopf 
superalgebra J7(g), i.e. U{Q)[[h]]/hU{Q)[[h]] is isomorphic, as a quasi-Hopf superal- 
gebra, to C/(g). As in the non-super case deformations of quasi-Hopf superalgebra 
are quasi-Hopf superalgebras (see jHI). Therefore, there exists a homomorphism 
S : C/(g)[[/i]] U{g)[[h]] such that (C/(g)[[/i]], A, e, S", $) is a quasi-Hopf superalge- 
bra. In summary, we have constructed a topologically free quasitriangular quasi- 
Hopf superalgebra (J7(g)[[/i]], A, e, $, R, S) which we denote by Ag^f 



T{t) = t and (g) 1 -I- 1 t] = for aU g e g. 



(26) 





C/(an) ^ ;7(g«") 



12 



NATHAN GEER 



4.2. The Drinfeld category. Let g+ be a finite dimensional Lie superbialgebra 
over k and let g = Dq+ = 0+ © 0- be the Drinfeld double of q+ (see ^2.1|l . Let 
fl be the Casimir element defined in l^. As noted is an even, invariant, super- 
symmetric element of g (g) g. Let $ and R = e'**/^ be the element arising form the 
pair (g, i), where t — fl (see ti4.1|) . 

Let A^g be the category whose objects are g-modules and whose morphisms are 
given by Hom^^ (V, W) = Homg (V, W)[[h]]. For any V", e TWg , let ^ be the 
usual super tensor product. Let Pv,w '■ V(^W ^ W(^V he the morphism given by 
the action of e'*^/^ onV(^W composed with the morphism Ty.w which is defined 
in Q). For V,W,U G -Mg, let ^v.w,u be the morphism defined by the action of <i> 
on V(g)W(g)U regarded as an element ofHomM^iiV (E>W) (g)U,V {W(g)U)). The 
morphisms ^v.w,u and (3v.w define a braided tensor structure on the category Mg 
(see Prop. XIII. 1.4]), which we call the Drinfeld category. 

5. The quantization of Lie superbialgebras. Part I 

In this section we give the first of two quantizations of Lie superbialgebras. 
The quantization of this section is important because it commutes with taking the 
double. The second quantization given in 33 is important because it is functorial. 
In f|7|we show that these two quantizations are isomorphic. 

The outline of this section is as follows. Let g+ be a finite dimensional Lie 
superbialgebra and g its double (see 12.111 . We use Verma modules M± over g 
to define a forgetful functor F from the Drinfeld category A4g (see ii4.2|l to the 
category of topologically free fc[[/i]]-modules. We show that the endomorphisms of 
F are isomorphic to a quasitriangular quantization _ff of g. We then construct a 
Hopf sub-superalgebra Uh{g+) of H that is a quantization of g+. We conclude the 
section with the important result that the quantum double of Uh{3+) is isomorphic 
to H. The last result is the main step in showing the quantization commutes 
with taking the double. The results given in this section are straight forward 
generalizations of [H] . 

Throughout this section we use the notation of H4.2I When defining maps from 
topologically free [/(g)[[ft,]]-modules it is helpful to use the following isomorphism, 

(27) Homt;(g)[[,]](X[[/i]],y) = Homy(,)(X,y) 

for any [/(g)-module X and topologically free [/(g)[[ft,]]-modulc Y. 

5.1. The Tensor Functor F. Let M+, A/_ e A4g be the induced Verma modules 
given by 

(28) M+ = [/(g) c+ M_ -(7(g) c„ 

where c± is the 1-dimensional trivial g±-module. The Poincare-BirkhofF-Witt 
Theorem implies that the linear homomorphisms C/(g+) (S) C^(g-) — > C^(g) and 
[/(g_) (8) C^(g+) — > U{q) are isomorphisms. These isomorphisms imply that 

where 1± G M± In particular, M± is a free C/(gip)-module. 

Lemma 10. The designation 1 i-^ 1+ (g) 1_ extends to a linear map (p : U{q) ^ 
(g) AI^ which is an even isomorphism of Q-modules. 
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Proof. By the universal property of U{q) the hnear map 

2 — > M+ (g) Af_ given by 1 i— > §5 1_ + 1+ (g) xl_ 

extends to a g-module morphism : C/(g) — > Ajf+(X)M_. By definition this morphisni 
is even. Moreover, it is easy to check (using the standard grading of universal 
enveloping superalgebras) that (j) is an isomorphism. Define the functor F : 
Mg ^ as 

F{V) = Hoijim, {M+ ® M_,V) 
where A is the category of topologically free fc[[/i]]-modules (see W2A^ . As stated in 
EH the set of morphisms between superspaces is a superspace, we give F{V) this 
superspace structure. The isomorphism (p of Lemma 1 1 01 implies that the map 

(29) *y : F{V) ^ V[[h]] given by / ^ /(1+ ® 1_) 

is a even isomorphism of superspaces. 

We now show that the functor F is a tensor functor, i.e. there exists a family of 
isomorphisms {Jv,w)v,W£Me such that 

(30) Ju^v,w ° {Juy ® 1) = Ju,v®w Jv.w) 

for aU U,V,W e M^. Let i± : M± ^ M± O M± be the "coproduct" on M± 
determined by i±(l±) = 1± (E" 1±. As in (SJ Lemma 2.3] the g-module morphism i± 
is coassociative, i.e. (i± (g) 1) o ij. = (1 ig) ij.) o in Hom^vi^ (M±, M®^). 

Definition 11. For each pair V,W e define Jyw ■ F{V)®F{W) -> F{V®W) 

by 

Jv.wi'" ®w) = {v®w)o *r,2,34 O (1 ® *2,3,4) ° P23 o (1 $^3^4) O $1,2,34 O (i+ (g) 

Theorem 12. The functor F with the family {Jv.w)v,weMg a tensor functor. 

Proof. Proposition 19.1 in jHI is the analogous statement in the case of Lie bialge- 
bras. The proof in [S] is pictorial. It relies on the pictorial representation of i± 
being coassociative. The same pictorial representation of the coassociativity holds 
in our case. The proof follows exactly as in after reinterpreting the pictures in 
our case. 

5.2. The quantization of g = _D(0+). With the use of the isomorphism given 
in Lemma ^1 the functor F can be thought of as the forgetful functor V i-^ 
HoniTv^^ {U{g), V). The general philosophy of tensor categories says that every for- 
getful functor, which is a tensor functor, induces a bialgebra structure on the under- 
lying algebra (see §18.2.3 of 9 ). In this subsection, we will follow this philosophy 
and show that the tensor functor F induces a superbialgebra structure on [/(0)[[ft,]]. 
We do this in three steps: (1) show that endomorphisms of F are isomorphic to 
[/(g)[[/i]], (2) show that the family {Jv,w)v.weMg is determined by an element 
J £ /7(0)[[ft.]]®^, (3) use J to define a quasitriangular Hopf superalgebra structure 
onUmh]]. 

Let End(i^) be the algebra of natural endomorphisms of F. In other words, 
End(F) is the algebra consisting of elements r/, so that each r/ is a collection of linear 
morphisms rjy : F{V) —i- F{V) such that for aU V,W & Mg and f : V W we have 
P{f ) ° W — W ° F{f)- We make End(i^) a superspace by defining r/ e (End(F))i 
if the parity of rjv is i for all V E -Mg. This makes End(F) into a superalgebra. 
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Lemma 13. There is a canonical even superalgebra isomorphism 
(31) : U{g)[[h]] End(F) given by x ^ x\v 

where x\y is x acting on the U {Q)^h\\-module V[[h]]. 

Proof. Using the even isomorphism (|29|l we can identify F{V) and Under 
this identification 9{x) = X]^y & End(i^) is the endoniorphism given by the action 
of X on The morphism 9 is even since the action of a homogeneous element 

X on preserves the grading. If x ^ y then a;|(7(g) y\u{s) implying is one 

to one. 

Next we will show that is onto. Let rj £ End(i^), using the above isomorphism 
we will think of rjv as a map from V[[h]] to itself. Set x = ??c/(g)(l)- Let y G U{q) 
and let ry be the element of End(t/(g)) given by 

ry{z) = i-irzy 

for z G U{g). Note that F{ry) under the isomorphism F{U{q)) U{Q)[[h]] is ry. 
We have 

Vu{g)iy) = Vu{g)iry'i^) = (- l)''''^y'7c/(B) (1) = {-^J^'^'ry^ = xy. 
Combining this calculation with H27|l . we have r]u{g) — where lx{z) — xz for 
z G U{q). Similarly r\y — x\y for any free g-module V . This shows that is onto 
since every g-module is a quotient of a free module. 

In the rest of this subsection we use properties of the tensor functor F and the 
isomorphism to put algebraic structures on J7(g)[[/i]]. 

Define the element J e L/(0)®2[[/i]] to be 
(32) 

J = (0-1 ® 1) ($1 j^34(l ® $2,3,4)/323(l ® *2i,4)*l,2.34 (1+ ® 1+ ® 1- ® 1-)) 

where is the isomorphism given in Lemma 1 101 

Lemma 14. Let be the isomorphism of Lemma WA Then 0{J) = Jv,w , *-e- 
(33) J{v ®w)^ -^v®w{Jvw{^v^{v) ® ■^wi^))) 

forve V[[h]] and w G W[[h]] 

Proof. For each v e V[[h]] let /„ to be the element of F{V) defined by fv{x) = 
{—ly^v for X G M+ (g) M_. Notice that the element /„ has parity v. From Lemma 
1101 we have /t,(l+ ® 1-) = v which implies that fy = ^'y^(w). To simplify notation 
let 

1^1 (g l?2 = «'r,2,34(l ® *2,3,4)/?23(l ® *2;3,4)*1,2,34 (1+ ® 1+ ® 1- ® 1_) 

be the element of {M+ (g) M_)®2[[/i]]. Now we have the right side of is 
(Jy,w(*y'(t^) <^ ^^wM)) (1+ (S> 1-) - ifv ® fv.)i^l ® ^2) 

= (-l)'"^V.'9i®^^2 

= (_l)'f^^i+5'5i+fi'^2^-l(,5^)^ ^ 0-l(l?2)w. 

On the other hand, the left side of (|33|1 is 

(</>~l(l?l) (l)-\^2))iv ®W)^ i-lf'^-\^i)v ® ^~^i^2)w 

^ (-_;L)«,^i+C^i+»^20-1(^^)„ ^ (/|-I(l92)u'- 

where the last equality follows from the fact that i?i (g) i?2 is even, i.e. — 0. 
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Lemma 15. J = 1 + ^ mod . 

Proof. Recall the definition of r given in tl2.1l i.e. r — ^^Pi ® m.i where {pi)i and 
{mi)i are a bases of g+ and g_ respectively. It follows that 

(34) T(r)(l_ (g 1+) = ^(-l)™'m, ®k)(1- ® 1+) = 0, 

(35) p,</)-i(l+ (g 1-) = (b-\{pd+) (g 1- + 1+ (g (k1-)) = 0-1(1+ ® (p.l-)) 

where is the isomorphism given in Lemma llUI 

From the hexagon relation (|25|) we have $ = 1 mod h^. Thus, 

J EE (0-1 (g 0-i)(e''"^^/2)(j^^ (g) 1_ (g) 1+ (g 1_) mod 
= 1 + h/2{(j)-^ g) 0"i)(r23 + T(r)23)(l+ g) 1_ g) 1+ g) 1_) mod 
= 1 + h/2{(f)^^ g) 0"i)(^ 1+ g)pjl„ g) mjl+ «) 1_) mod /i^ 

= 1 + /i/2X!(^'»'?^"^(l+ ® "^»0"^(1+ ® 1-)) mod h'^ 

= l + rh/2 mod 
where the third equivalence follows from H34(l and the fourth follows from (|35|l . 

Proposition 16. Let H = U{g)[[h]]. Then H is a Hopf superalgehra whose co- 
product, counit and antipode are given by 

(36) A = J-^AoJ, e = eo 



(37) S = QSoQ-^ 

where Q — m(5o (g !)(«/) and Aq, Cq and Sq are the usual coproduct, counit and 
antipode of U{q) [[h]] . 

Proof. First, A and e are algebra morphisms since Aq and eq are algebra morphisms. 
From Lemma ITHl we have that (e g) 1) J = (1 g) e) J — 1 which implies (e g) 1)A = 
1 = (1 g) e)A. Theorem 1121 and Lemma^limply that 



(38) Jl2.3(J'»l) = Jl,23(l® J). 

We will now use equality (|38|l to show that A is coassociative. 

(39) (1 g) A)A(x) = (1 g) J-^AoJ){J-^Aq{x)J) 

(40) = (1 g) J"i) ^1:23(1 g) Ao)Ao(a;) Ji,23(l g) J) 

(41) - (J-i ® l)>/r2!3(^o ® l)Ao(a;) Ji2,3(J ^ 1) 

(42) =(A(gl)A(a;) 



for all X ^ H . The compatibility conditions between S and e follow in a similar 
manner. 

The isomorphism 9 of Lemma |13I induces a Hopf superalgebra on End(i^). For 
the rest of this paper, we identify the Hopf superalgebra H with End(i^) (using 9). 
As we will see it is sometimes convenient to use the elements of H and other times 
endomorphisms of End(-F). 

Theorem 17. H is a quantization of the Lie superbialgebra g. 
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Proof. By definition H/hH is isomorphic to the Hopf superalgebra U{q). To prove 
the theorem we show that relation Q holds. From the definition of the coproduct 
A and Lemma ll 51 we have 

(43) A(a;) = Ao(a;) + (V2)[Ao(a;), r] mod 
for all a: e C iJ. Thus, 

h-\^(x) - A°f(x)) = /i-iAo(x) + l/2[Ao(x),r] 

- /i~^A°P(a;) - l/2[A°P(a;), r(r)] mod h 
= l/2[Ao(a;),r-rg,B(r)] mod /i 

(44) = [Ao(a;),r] mod h 

since t = r + r(r) is g-invariant and Ao(a;) — lS.'^^{x) for all x e g (for the definition 
of T, see Q). The proof is completed by recalling that the cobracket of g is defined 
by dr{x) := [Ao(a;),r]. 

Define R = {J°P)-^e^J eH®H. We call R the R-matrix. 

Corollary 18. {H,R) is a quasitriangular quantization of{Q,r). 

Proof. Replacing the standard commutativity isomorphism with the super commu- 
tativity isomorphism, (i.e. substituting t for a) the proof follows just as in the 
purely even case 9, Corollary 19.1]. 

5.3. Quantization of and g_. Here we construct a quantization of the Lie 
superbialgebra g±, which is a Hopf sub-superalgebra of H. To this end, we continue 
following the work of Etingof and Kazhdan |B| and notice that R is polarized, 
i.e. R e Uh{Q+) <S) Uhis^). It is possible to show directly that Uk{Q+) is closed 
under coproduct. However, in H5.4I we use the polarization of R to show that the 
quantization commutes with the double. 

Using the even isomorphisms H29(l and (|31|l we can identify the superalgebras 
End(F) and End(M+ (g) M_). We will not make a distinction between these 
superalgebras. Define Uh{Q+) = F{M-) and embed it into H using the map 
i : F{M_) End(M+ (g) M_) given by 

i{x) = (1 a;) o (i> o («_,_ (g) 1) 

for X £ F{M^). 

The coassociativity of z+ implies that for x,y £ F{M^) 

i(x) o i[y) = i[z) 

where z = a;o(l(g)?/)o$o (i_|_ (g) 1) € F{M-). Using the embedding i, we consider 
Uh{Q+) is a subsuperalgebra of H. Similarly, the map F{M^) — > End(M+ g) M-) 
given by a; i-^ (xg) 1) o $ o (1 g) i_) makes C//i(g_) F(Af+) into a subsuperalgebra 
of H. 

Theorem 19. Uh{Q+) and Uh{Q-) are Hopf sub-superalgebra of H. Moreover 
Uh{s±) 'i-s a quantization of the Lie superbialgebra g±. 

Proof. As in |S] we needed the following lemma to prove the theorem. 

Lemma 20. R is polarized, i.e. R G Uh{Q+) (g Uh{Q-) Q H ® H. 
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Proof. In the analogous statement in the purely even case is proved using a 
pictorial proof. After representing the Hopf superalgebra structure of H and func- 
toriality of the braiding (3 — t e~ pictorially the proof follow exactly as in Lemma 
19.4 |9 . 

Let p+ : Uhis-)* Uh{Q+) and p_ : Uhis+Y Uh{g-) be the even linear 
maps given by 

P+(/)-(l®/)(i?) and p_(/) = (/®l)(i?) 
for / e Uhis^y ■= Hom^([//i(0zp), fc[[/i]]). Let Imp_j_ be the images of pj.. Let 
Imp_(_ be the closer of the fc[[/i]]-superalgebra generated by Imp. 

Lemma 21. /mp_(_ (Eifciih]] k{{h)) is the h-adic completion of Uh{3±) '^k[[h]] k{{h)) 
where the tensor product is the tensor product in the h-adic completion. 

Proof. Using the even graded linear map p_|_ the proof is identical to the proof of 
Proposition 4.5 [S]. In particular, no new signs are introduced in the proof and 
grading is preserved since it is preserved by p_|_ . Now we prove the theorem. Rela- 
tions © imply that Imp_(_ is closed under coproduct. Therefore, by Lemma 071 we 
have that Uh{s±) is closed under coproduct. Moreover, since H is a quasitriangular 
Hopf superalgebra we have 

{S(g)l)R = R-^ 

which impHes that Uh{Q±) is closed under the antipode. This proves Uh{Q±) is a 
Hopf sub-superalgebra of H. 

Next we show that Uh{Q±) is a quantization of q±. The isomorphism given in 
(I29|l implies that Uh{2±) is isomorphic, as a superspace, to [/(0±)[[/i]]. Moreover, 
the Hopf superalgebra Uh{5±)/hUh{s±) is isomorphic to U{q±). Since Uh{Q±) is a 
Hopf sub-superalgebra of H we have that equivalencies (|43|) and H44() hold for all 
x € 0±. Thus, Uh{Q±) satisfies equivalence (0 and so is a quantization of 2±. We 
call Uh{Q+) the Etingof-Kazhdan quantization of 0+. 

5.4. The quantum dual of Uh{Q+)- Recall the definitions of the quantum dual 
and double of a QUE superalgebra given in H2.4I In this subsection we will show 
that the quantum dual of Uh{Q-)°^ is Uh{Q+) and that the double of Uh{Q+) is H. 
The former statement follows from the use of the linear map p_|_ which arises from 
the polarization of R. In SjHl we will use the results of this subsection to show that 
the quantization commutes with taking the double. 

Proposition 22. The linear map p_|_ (p_J is a even injective homomorphism of 
topological Hopf superalgehras {Uh{Q^Y^)* Uhi0+) (resp. Uh{Q+)* Uh{Q-)°^). 
Moreover, Imp^ = Uh{Q±)' ■ 

Proof. The proof follows as in the proof of Proposition 4.8 and Proposition 4.11 in 

n 

Corollary 23. The quantum dual of the QUE superalgebra Uh{Q+) is Uh{Q-)°^ . 
Moreover, the quantization of q = D(g+) given in \5.'A and the quantum double of 
Uh{2+) are isomorphic as quasitriangular QUE super algebras, i.e. H ~ D{Uh{Q+)) 
(for the definition of the quantum double see Proposition^^. 

Proof. The first assertion follows from 

(45) Un{Q+y := (t/.(fl+)*)^ = {{UuiQ-D'Y = U,{s^r 
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where the isomorphism comes from Proposition 1221 and the third equahty follows 
from (fTT|l . 

To prove the second assertion we will show that H satisfies the defining relations 
of the Hopf superalgebra structure on the double of Uh{Q+), then the result follows 
from the uniqueness of Proposition 0] By Theorem ^| Uh{Q+) and Uh{Q-) are 
Hopf sub-superalgebras of H . The multiplication map Uh{Q+) ® Uh{Q-) — > -ff is a 
bijection, as it is modulo h. In equation H45|l we concluded that the map p_ induces 
an isomorphism between Uh{Q+)* and Uh{Q-)°^- Therefore, the definition of the 
quantum dual implies 

(46) D{Uh{Q+)) = U,,{Q+)®Uh{Q-). 

Recall that the map was defined p_ was defined using the R-Matrix R of H . It 
follows that R corresponds to the canonical element R of D{Uh{Q+))- Thus, the 
uniqueness of Proposition 0] implies D{Uh{Q+)) = H. 

6. Quantization of quasitriangular Lie superbialgebras 

Let g+ be a finite dimensional Lie superbialgebra. Recall that the double -D(0+) 
of g+ is a quasitriangular Lie superbialgebras (see ^2.1|l . In this section we will 
construct a quantization of quasitriangular Lie superbialgebras. This quantization 
is similar to the quantization of Lie superbialgebra of SjHl In fJHl we will show that 
for finite dimensional quasitriangular Lie superbialgebras the two quantizations are 
isomorphic. Moreover, by construction the quantization H given in fin is the same 
as the quantization of Z?(g+) given below. These facts are used in proving that the 
quantization commutes with taking the double. 

Let (g, r) be a quasitriangular Lie superbialgebra. Set 

0+ = {(l®/)r|/es*} and 0- = {(/ ® l)r | / G 0*}. 

Then 0+ and 0_ are finite dimensional Lie superbialgebras (see Lemma 5.2]). 
Moreover, 0_ = 0^^ and there is a natural homomorphism of quasitriangular Lie su- 
peralgebras n : D{q+) — j- (see §5 of [HI)- Let Mg be the category whose objects are 
0-modules and whose morphisms are given by liomM^{V,W) = Homg(y, M^)[[ft]]. 
As in H4.2I let Aix>{g+) be the Drinfeld category of the double _D(0+). From the 
homomorphism tt we have 

TT* : Ms ^ Mvis+) 

whose pull back gives a braided tensor structure on the category A4g. Let M_ and 
M+ be the "Verma" modules in Mx>{g+) (see (EH))). 
Let F : Mg ^ ^ be the functor given by 

F{V) ^RomM^^^jM+ (g> M^,7r*{V)). 

Then F is a tensor functor with the isomorphism of functors J giving in Definition 
im As in (ISHl the map 

(47) FiV) ^ V[[h]] given hy f ^ /(!+ (g> 1_) 

is an even isomorphism of superspaces. Using this isomorphism we construct the 
canonical isomorphism : U{Q)[[h]] End(F) of Lemma IT!^ The equations H^fifl 
and l|H7)l define a Hopf superalgebra structure on J7(0)[[/i]] which is equal to End(i^). 
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Finally, as in CoroUarvllSI we have that {U{g)[[h]], R) is a quasitriangular quanti- 
zation of {g,r), where the R-matrix is defined as in il5.2l We denote this quasitri- 
angular QUE superalgebra by J7^*(fl). 

7. The quantization of Lie superbialgebras, Part II 

Here we give the second quantization of Lie superbialgebras. As mentioned 
before, this quantization is isomorphic to the first quantization of the Lie super- 
bialgebra constructed in 50 We denote the quantization of this section by Uhi&)- 
In SjHlwe will see that the quantization of this section is functorial. 

We follow the quantization of Lie bialgebras given in Part II of [HI ■ The results 
of [HI should generalize to the setting of all Lie superbialgebras. However, we will 
only check that the results hold for finite dimensional Lie superbialgebras. 

In this section we consider topological superspaces. We need topology to deal 
with convergence issue involving duals of infinite dimensional space and tensor 
products of such spaces. In particular, we need modules to be equicontinuous (see 
[SI §7.3]). Since we are working with finite dimensional Lie superbialgebras all 
modules are over such superalgebras are equicontinuous. For this reason, we will 
assume that all modules are equicontinuous. We proceed in much the same way 
as in ^jni In other words, given a finite dimensional Lie superbialgebra g+, we use 
Verma modules to define a tensor functor such that the set of endomorphisms of 
this functor is a quantization of the double of g+ which contains a quantization of 
0+- 

7.1. Topological superspaces. Let fc be a field of characteristic zero. We consider 
fc as a topological superspace concentrated in degree with discrete topology. 

Let F be a topological superspace, i.e. a Z2-graded topological vector space. 
We say V is linear if open superspaces of V form a basis of neighborhoods of 
0. The superspace V is separated (complete) if the natural map V lim V/U 
is a monomorphism (resp. epimorphism) where the limit runs over open sub- 
superspaces U. Throughout this section we will only consider complete, separated 
topological superspaces, so when we use the phrase "topological superspace" we 
will mean "complete, separated, linear topological superspaces" . 

Let V and W be topological superspaces. If U is an open sub-superspace of V 
then V/U is discrete. Using this we define the tensor product of two topological 
superspaces V and W to be 

V(E)W := limF/y (g) W/W 

where V' and W run over open sub-superspaces of V and W respectively. Let 
V[[h]] — V^k[[h]] be the space of formal poser series in h. We give the superspace 
Homfe(V, W) of all continuous homomorphisms a topology, as follows. Let i? be a 
topological basis of W. For any n > 1 let Ui,U2, ■■■,Un G B and vi,V2, ■■■,Vn G V. 
Then the collection 

({/ e Homfe(F, W) : /(«.) G for t - 1, n})^^^^^^ ^.^^ „^ 

is a basis for the topology on Homfc(V, W). We call this topology the weak topology. 
Note that if V is finite dimensional then the weak topology on V* — Homfe(y, k) is 
the discrete topology. 
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7.2. Topological g-modules. Lot g+ be a finite dimensional Lie superbialgebra 
we give 2+ the discrete topology. In this section a g-)--module will be a topological 
superspace M with a continuous homoniorphism of topological Lie algebras 

TT : g+ ^ End(M) 

such that 7r((0+)-) C End(M) ■ for i = 0, 1. 

Let = ^(0+) be the Drinfeld double of g+ (see H2.f|l . Given two topological 
g-modules V,W let Homg(y, H^) be the topological superspace of all continuous 
g-modules homomorphisms. Let A^* be the category whose objects are g-modules 
and morphism are given by 

Hom^t {V, W) = Homg {V, W)[[h]] 

for V,W e Ml 

Using the tensor produce (E) we define a braided tensor structure on A^* as 
follows. Let il be the Casimir element defined in ^2.1\ and $ be the associator 
constructed using Q (see M.lf) . For V,W,U £ M^ let ^v,w,u be the element of 
lloT[iMi{(y'i>W)(g)U,V'§>{WE)U)) given by the action of $ on V'i>WE>U and let 
Py^yir := Tv,w e^^'"^ e Hornet {V®W, W®V) (for the definition of r, see (gj). The 
morphisms ^v.,w,u and Pv,w define a braided tensor structure on A^* . 

Let A* be the category whose objects are fc[[/i]]-modules and morphisms are 
continuous -linear maps. A*' is a symmetric tensor category where the tensor 
product ^(i'VF is the tensor product y^VF modulo the image of the operator 
h®l-l®h. 

Recall the definitions of M± and i± given in H5.ll We give M± the discrete 
topology. For finite dimensional Lie bialgebras these topologies are the same as 
the topologies defined in ^, §7.5]. Let A/jji be the superspace of all continuous 
linear functionals on M_|_. For any n > let [/(g„)„ be the elements of U{q-) with 
degree < n. Then is the projective hmit of J7(g_)*. By giving [/(0_)* the 
discrete topology, the superspace inherits a natural structure of a topological 
superspace. 

Let iX : Ml®Ml Af| be the map defined by 

i*+if^9)ix) := {f(E)g)t+{x) 

for f,g £ Mjji and x G By definition of the topology on Af^ the map is 

continuous. Therefore, extends to a morphism i'^ : Mjj:(g)Mjj: — > M^. The proof 
of Lemma 8.3 "H" implies that the m i'X associative, i.e. i+o(i^(K)l)$^^ = i*^o{l(Ei*^). 

7.3. The Tensor Functor F. Define the functor F : M^ A* as 
(48) F{V) = HomA^^ (Af_, M;^^). 

From the following Lemma OH we have that F : V — > ^[[/i]] where ^[[ft-]] is the 
topologically free fc[[/i]]-module associated to the graded vector space underlying 
V. For any V £ Mg define 

^-y : Homg(M_,M;(g)y) -> V 

by / ^ (1+ <8) f )/(!-) where (1+ (g) l){g ® v) g(l+)w for g e M* and v €V. 

Lemma 24. is a even vector superspace isomorphism. 
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Proof. The proof of the lemma follows from checking that the isomorphisms of [HI 
Lemma 8.1] preserve the Z2-grading. We define the these isomorphisms and see 
that they are even. 

By Frobenius reciprocity the following maps 

Honig(Af_,M;®F) (M;®T/)b- given by f ^ /(!_), 
Rom,_ (Af+, V)^V given by / ^ /(1+) 
are isomorphism of topological vector spaces. Let 

{Ml(E)V)^- Homg_(M+,y) 

be the map given hy f ^ x fx, where fx{y) ■= {—^Y^f{y)x. This map is 
an isomorphism of topological vector spaces (see Proof of Lemma 8.1]) where 
Honig_(7\f+,y) has the weak topology. Also by definition all of these maps are 
even homomorphisms of superalgebras. Composing the above maps we have the 
desired isomorphism 

Homg(A'f_, M;(g)F) ^ V which is given by / (1+ ® 1)/(1-). 
Definition 25. For each pair V,W e define Ivw ■ F{V)®F{W) F{V^W) 

by 

Iv.wiv^w) = (i+«)l(8)l)o$j;;^_34o(l(g)$2, 3,4)0/3^3^0 (l^i^" 2^3,4)0*1, 2, 34° (w«)w)oi_. 

Theorem 26. The collection {Jv.w)v,WiEMf, defines a tensor structure on F, i.e. 
F is a tensor functor. 

Proof. Using the facts that i_ is coassociative and i*^ is associative the proof follows 
exactly in the same way as the universal or pictorial proof of Proposition 19.1 P|. 

Let End(i^) be the endomorphisms of F (see ^5.2(1 . Using to identify F{V) 
and T^[[/i]] the proof of Lemma [TSl shows that there exists a canonical even super- 
algebra isomorphism 

(49) e : U{0)[[h]] End(F) given by x X|y 

where x\y is x acting on the J7(£|)[[ft-]]-modulc V[[/i]]. We use this isomorphism is 
to identify End(F) and U{Q)[[h]]. 

Next we will define an element J e ?7(0)'^^[[/i]] whose action on V^[[/i]](g)VF[[/i]] 
determines J\/,vK- Recall the isomorphism VPy : }iomg{M-, M^^V) of Lemma 
1^ Let (t> : Af_ M^(^U{g) be the even morphism given by </> = ^'jj^^^^^(l). Given 
g e Homg(F, W) denote the map g : V[[h]] W[[h]] by J2 ^ih' 9Mh\ 

Define the element J e U{s)'^'^[[h]] by 

J = (1+ ® 1) ((i; ® 1 ® l)$ri,34(l ® *2,3,4)/32V(l ® *^3,4)*1,2,34 {v)) 

where y = 0(1-) (8) 0(1-)- 

The following lemma shows that the map Jy.w is determined by the element J. 

Lemma 27. Let 9 be the isomorphism given in i49\) . Then 9{J) — Jv,W , i-s. 

(50) J{v®w) — ^v^w 
for all V e V[[h]] and w G W[[h]]. 
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Proof. By (|?7jl it is enough to check that (|5n|l holds for w e and w G W^. Let 
be the tensor Y^fi^^i^ (M^(g)f7(g))B- , then we have fi{'^+)xi = 1- Let 
V and consider the foUowing calculation: 

(1+ ® 1)(^ /, (x,t;)) = f,{l+)x,v = V. 

The above shows that = /« (xiv). 

Let ^ e C/(fl)®''[[/i]] be given by: 

^ - «'ri,34(l®*2,3,4)/323'(l® *^3.4)*l,2,34 

We use z9 to simplify notation. Represent 1} = ^ ■ ■dih'^ where -di = J2k "^l^ ® ® 
(g) -dj^. Evaluating the right side of H5U|) with v and w G M^, we have: 

= {1+ ® o T fj (g) {xjV) (g) ^ /; (g) 



(1+®1) 



J2 h\-i)^f,{df)h{^T¥f^3®^T^i 

i,j,l,k 



V W 



where A = xjvfi + fj{df + + df) + fi{-df + df) + a-Ui9f + + Jidf + 

Similarly evaluating the left side of H50() we have: 

liv^w) = [(1+ «) o i?o T23 0(?!)«) «) (g) m; 

= (1+ (g o ^?,/iXl](-l)^^7j /; ® a;, (g a;,)) 

i j,l 



J2 {-ifh^fA^f)WT¥f^j®^T=^i 



W (g W 



where B = A - vfi ~ v -dj^ ~ {'df .xi)v ^ A~ vfi - v 'df - dj^v - xiv ^ A. The 
last equality follows from the fact that fi^xi is even, i.e. /; = xi. Thus we have 
showed that (|50|l holds, completing the proof. 

7.4. The quantization of the double g = Z)(g+). As in ^ we will now define a 
Hopf superalgebra structure on L/(g)[[/i]] and show it is a quantization of g. After 
replacing J with J equations and define a Hopf superalgebra structure on 
J7(g)[[/i]]. Let H be this Hopf superalgebra. 

Theorem 28. H is a quantization of the Lie superbialgebra g. 

Proof. We need the following lemma. 

Lemma 29. 1 = 1 + mod h"^ 
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Proof of Lemma \z!A Since $ = 1 mod /i , we have 

l)[z;(l - i^) T23 ® 0(1-))] mod 



(1+0 1) 



(>-23+T23 r23)h 



mod h 



(51) 



(52) 



(53) 



Y,{-~\y^^^f,{\+)f,{U)x,®x, 

i,3 

- 1 ^(-l)^^"^'+-^^*'=+'+^^'''=+'"'"'=/.(l+)/,(mfel+)PfeX, ® J, mod /i^ 
1 - I '^''fj{mk)pk ® Xj mod /i^ 

1 + /j(™fc)x, mod/i^ 



^ mod 



where r = J2kPk ® ruk & 0+ (g) g_ is the canonical element of -D(0+) defined in 
H2.ll The first three equivalences follow by definition. Equivalence (|51|l follows 
from the facts: Xi = fi] if fi is odd, then /i(l+) = and ^/i(l_|_)a;i = 1. Equiv- 
alence (|52f) follows from the fact that r is even, (|53f) hold because of the identity 
^(— l)™'=/i(TOfe)xi — nik (which follows from fhk ^ Xi implies fi{mk) = 0). Thus 
we have proven the Lemma. From Lemma 1^ it follows that the equivalences (|43|) 
and 1)44(1 hold for all x G g C H. The theorem is proved. 

7.5. The quantization of the Lie bialgebra g+. As in ^we use to identify H 
and End(F). In this subsection we will construct a Hopf subalgebra of H denoted 
Uh{0+) which will be a quantization of the Lie bialgebra 

Consider the even superspace homomorphism i : F{M^) — s- H given by a; i-^ i{x) 
where 

i{x)v = (g) 1) o {1 (g) v) o X 

for any V G Mg and x € F{M-) and v G F{y). Next we will show that the 
map i is injective. Recall the isomorphism : F{M-) — > C/(0-|_)[[/i]] given by 
/ ^ (1+jp 1)/(1-). For X e Ui3+)[[h]] let f^ i'-\x). Now for x £ U{2+) 
and V E F{V) we have ^(i{fx)v) = x'i/{v) mod h. Therefore, i is injective. Set 
17,(0+) = t(F{M-)). 

Theorem 30. Uhi5+) is a quantization of the Lie superbialgehra 0+. 

Proof. The following lemma implies that Uh{Q+) is a sub-superbialgebra of H. 

Lemma 31. Uh{Q+) is closed under multiplication and coproduct in H. 
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Proof. For x,y £ F{M^) and v E F{V) the associativity of i*^ and relation H24|) 
imply (to simplify notation set w = (1 (g) y)x) 

= i-ify+^^+y^iX ® l)(^; ® i ® i)<i>r2,3*r,23,4*2"i,4(i ^ i » ^^)^« 
= (-i fy+^^+y^ii ® ® i ^ I)$r2l3,4*r2,34(i ® i i')"' 

= ^ (g) ® (g) y)a; 

= ® (g) 

= i(z)v 

where z = (-l)'^^(z;^ (g) 1) o o (1 g) y) o x. 
Following the proof in jBj Chapter 9 we have 

A(i(a;)) = (i ® i)(JM_M- (1 «) ° a^) 

which completes the proof of the Lemma. Next we show that Uh{Q+) is a Hopf 
superalgebra. Consider the even superspace isomorphism 

M : '^(0+)[W] Uh{Q+) given by a; i{fx) 

where := '^^^{x). For x,y E U{g+)[[h]] we have 

liU) o t{fy) = I ® 1) o (1 (g fy) o /,) mod 

= i(/xy) mod /i^ 

i.e. ijl(x) o /i(y) = ^{xy) mod /i^. Similarly, we have (/i ® /i)A(x) = A(/i(a;)) 
mod h. Therefore, U h{Q+) / hU h{Q+) is isomorphic to U{q+) as a superbialgebra. 
This implies that Uh{Q+) has a Hopf superalgebra structure. 

To finish the proof we need to show that the equivalence holds. Recall the 
isomorphism 9 : C/(0)[[/i]] H given in (|49|1 . Then we have 

(54) ix{x) EE d{x) mod 

for all X e [/(g-|_). In other words, the image of U{q+) in Uh{Q+) and is equal 
modulo h? . From Theorem we have that the equivalences (|43|l and H44() hold for 
all X g C Combining the last statement with H54|) and the fact that 0+ is a 
Lie sub-superbialgebra of g we have that the equivalences (I43() and H44|) hold for all 
cc e g+ C [/ft(g+). Thus, Uh{Q+) is a quantization of g+. 

Theorem 32. Lei 0+ be a finite dimensional Lie superbialgebra. The quantization 
of 0+ constructed in isomorphic to the be the quantization of g+ constructed in 
this section, i.e. Uh{Q+) ^ Uhis+). 

Proof. Let g be the double of g+ and let A^* be the category of discrete g-modules. 
Consider the functor F : A4g ^ A* given by 

F{V) = EmlMi (M+«)M-, 1/). 

By definition End(F|^t ) is the quantization H of the double g, defined in fjSl 

Since End(F) and H are both isomorphic to [/(g) [[/i]], we have that the morphism 
C : End(F) ~> H given by the restriction of Al* to Mg, is an isomorphism of Hopf 
superalgebras. 
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Let X : — > be the natural transformation of functors given by xvi'>^) — 
(1 (g) w) o (cr ® 1) where a is the canonical element in Hom^t (fc, M* (g) M+). Using 
the properties of the braiding /3 one can follow the proof of Proposition 9.7 in 6 to 
show that X is a natural isomorphism of tensor functors. Therefore, x induces an 
isomorphism between the Hopf superalgebras End(i^) and End(i^). Composing this 
isomorphism with we have an isomorphism of Hopf superalgebras k : H H. 
By construction the image of the restriction of k to the Hopf sub-superalgebra 
Uh{2+) is Uh{Q+)- In other words, K\uhiB+) • Uh{3+) Uh{Q+) is an isomorphism 
of Hopf superalgebras. Using the isomorphism k {K\uh(B+)) gi'^'^n in the proof of 
theorem|321we will identify H and H (resp. Uh{g+) and Uh{2+))- From this point 
on, we will make no distinctions between H and H or Uh{Q+) and {7/i(g+). We call 
Uh{Q+) the Etingof-Kazhdan quantization of g+. 

8. FUNCTORIALITY OF THE QUANTIZATIONS 

In this section we show that the quantizations H and El are functorial. Then we 
use this to show that the quantization commutes with taking the double. 

Let LSBA{k) be the category of finite dimensional Lie superbialgebra over k 
and let QU ES{K) be the category of QUE superalgebra over K = fc[[ft.]]. 

Theorem 33. There exists a functor from LSBA{k) to QU ES{K) such that a E 
LSBA{k) is mapped to Uii{a) which is the quantization defined in 

Proof. Once one accounts for the necessary signs, the proof is identical to the 
classical case (c.f. Theorem 10.1 and 10.2, j6|). 

Let QTLSBA{k) be the category of quasitriangular Lie superbialgebra over k 
and let QTQUES{K) be the category of quasitriangular QUE superalgebra over 
K = k[[h]]. 

Theorem 34. There exists a functor from QTLSBAik) to QTQUES{K) such that 
(g, r) e QTLSBA{k) is mapped to ([/^*(g),i?) which is the quantization defined in 

Proof. The proof is a consequence of Theorem 1.2 (ii) of 7 . Theorem 1.2 (ii) 
states that there is a "universal quantization functor" from the cyclic category of 
quasitriangular Hopf algebras to the closure cyclic category of quasitriangular Lie 
bialgebras (see 0). By considering linear algebraic structures in the symmetric 
tensor category of superspaces this "universal quantization functor" gives rises to 
functor from QTLSBA{k) to QTQUES{K) with the desired properties. 

Next we use the functoriality to prove the following theorem which first appeared 
in |S| for the non-super case. 

Theorem 35. Let Qj^ be a finite dimensional quasitriangular Lie superbialgebra. 
Then the quantization of the quasitriangular Lie superbialgebra g+ constructed in [0 
is isomorphic to the quantization of the Lie superbialgebra q+ o/SQ i.e. C/^*(g+) = 
Uh{Q+) as Hopf algebras. 

Proof. To prove the theorem we need the following lemma (which first appeared in 
[T7| for the non-super case). 

Lemma 36. Let (g+, r) be quasitriangular Lie superbialgebra and g = i)(g+) be its 
double. Then there exist a quasitriangular Lie superbialgebra morphism g — > g+, 
which is the identity when restricted to g+. 
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Proof. Let u : g = g+ ffi ^ g+ be the linear map given by 

v{x + f) = -X - {1(g) f)r 

for x e g+ and f (z g*^. We will show that u is a quasitriangular Lie superbialgebra 
morphism. 

First we show it is a Lie superbialgebra morphism, i.e. v{[a, b]) = [v{a.), v{b)] for 
all a,b E g. This is clear if a,5 e g+. Recall the definition of the bracket on the 
double given in Then if x E g+ and / G g+ we have 

v{[x, /]) = V ({ad*x)f - {-Iff {I ® mx)) 

= ®f)[l® x,r] + ® f)[x®l + l®x,r] 

= {-\ff{\(gf)[x(S,\,r] 
= [x. (1 ® I)r] 
= [v{x)Mf)] 

Note that {ad*x)f is the linear functional y ^-^ {—^Y^f^ [x^ y\- Similarly, one shows 
that v{[f,g]) = [v{f),v{g)] for /,g G s*+- 

Finally, we need to show that w is a quasitriangular Lie superbialgebra morphism, 
i.e. preserves the r-matrix. Let f be the r-matrix of g. Choose a basis Xi for g+ 
and let ft be the dual basis of g*^, then f = ^Xi® fi. Therefore we have 

{v ® v){f) = ^^v{xi) (g) v{Ji) = (8) (1 (8) fi)r = r. 

Thus V is the desired morphism. 

Now we prove the theorem. Recall that by construction Uh{g+) is a subalgebra of 
H. From the Lemma we have u : g ^ g+ such that t;|g^ = id^^. The functoriality 
of the quantization implies that v induces a morphism of QTQUE superalgebras 
U'h{Q) ~^ ^/i*(0+)- Restricting this morphism to the subalgebra Uh{g+) we have a 
morphism Uh{g+) U^^{g+), which is a isomorphism since it is modulo h. 

We end this section with the following theorem. 

Theorem 37. The quantization of a finite dimensional Lie superbialgebra g+ com- 
mutes with taking the double, i.e. D{Uh{g+)) = Uh{D{g^)) (for the definitions of 
the doubles see and Proposition^. 

Proof. From Corollary |^ we have D{Uh{g+)) — H, where H is the quantization 
of -D(g+) constructed in f^l By construction [/,'^*(D(g+)) = H, where C/j^*(£>(g+)) 
is quantization of -D(g+) given is ^ By Theorem 1351 we have C/^*(L'(g+)) = 
Uh{D{g+)). Combining the above isomorphism we have the desired result. 

9. The Etingof-Kazhdan quantization of Lie superalgebras of type 

A-G 

In this section we will show that, for Lie superalgebras of type A-G, the E-K 
quantization is isomorphic to the Drinfeld-Jimbo quantization. We follow j8j which 
proves the result for generalized Kac-Moody algebras. However, we must take the 
new quantum Serre-type relations into consideration. As in [5j we will show that 
the E-K quantization is given by the desired generators and relations. In particular, 
we extend results of Lusztig J^l to the setting Lie superalgebras of type A-G and 
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check directly that the new quantum Serre-type relations are in the kernel of the 
appropriate bilinear form. 

Here we recall some notation from H3.ll and >i'6.'2\ Let g be a Lie superalgebra 
of type A-G. Let <i> = {ai, ...,as} be a simple root system with at most one odd 
root and let {A,t) be the corresponding Cartan matrix where r = {m} or t — 
Let di, . . . , be the nonzero numbers such that diUij = djUji and di = 1. Let 
(, ) be the unique non-degenerate supersymmetric invariant bilinear form on g. By 
rescaling if necessary we may assume that the restriction of (, ) to f) is determined 
by (a, hi) = d~^ai{a) for all a G f) and i € I — {1, s}. 

Let 2 be the Lie superalgebra generated by e.^, fi and hi for i e / satisfying H12|) 
where all generators are even expect for et and ft when t e t which are odd. Let 
b± be the Borel sub-superalgebra of g generated by e^, hi and fi,hi, respectively. 
Let q = h/2. 

9.1. Generators and relations for Uh{b+). 

Theorem 38. The quantized universal enveloping superalgebra Uh{b^) is isomor- 
phic to the quantized enveloping superalgebra IA+ generated over C[[/i]] by the ele- 
ments ei,hi, i Cz I (where all generators are even expect for et, t £ t which is odd) 
satisfying the relations 

— 0, [/^-^jCj] — CLijCj^ 

with coproduct 

A(/i,) =1 (g) /i, + ft, 1, A(eO q'^'''^ + 1 e^, 

for all i, j G /. 

The theorem follows from the following two lemmas. 

Lemma 39. The universal quantized enveloping superalgebra Uh{b+) is isomor- 
phic to the quantized enveloping superalgebra generated over C[[h]] by the elements 
Ci, hi, i £ I (where all generators are even expect for et, t £ t which is odd) satis- 
fying the relations 

[hi,hj] =0, [hi,e]] =ai]ej, 

with coproduct 

A{h.,) =1 (g) h^ + h^ (g) 1, A(ei) =e, (g) q'*' -\- 1 (g) a, 

for all i,j G / and suitable elements "fi G 

Proof. After replacing the ordinary tensor product with the super-tensor product, 
the proof is identical to the proof of Proposition 3.1 of There are no new signs 
introduced. For the most part, this is true because the arguments of the proof are 
based on the purely even Cartan subalgebra f). 

Lemma 40. 7^ — dihi 

Proof. By definition we have the natural projection 6+ — > b+. Then the functorial- 
ity of the quantization implies that there is an epimorphism of Hopf superalgebras 
Uh(^+) ^ Uh{b+). Therefore Uh{b+) is generated by hi,ei satisfying the relations 
of Lemma 1211 (and possibly other relations). So it suffices to show that 7^ — dihi 
in Uh{b+). 
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Next we show that Uh{b+) = U-h{ii+)*°'^ ■ From the definition of 0[(m|rt) the Lie 
superbialgebra b+ is self dual, i.e. b+ = b!^. Again from functoriality we have that 
Uhib+) = Uh{b*^_). From Proposition El we have b'j_ ^ b°^. Then equation l|l5|l and 
Theorem ^ imply that Uh{b+)''°P = Uh{b*^^). Substituting for b+ we have 
Uh{b°/)*°P ^ Uh{bl). Finally from relation it follows that Uh{b°^) = U-h{b+) 
which implies that U-h{b+)*°P = Uh(b*^). Thus, we have shown that Uh{b+) = 

u-hib+yp. 

This isomorphism gives rise to the bilinear form B : Uh{b+)(E)U-h{b+) C{{h)) 
which satisfies the following conditions 

(55) B{xy,z) =B{x(»y,A{z)), B{x,yz) ^B{A{x),y z) 

B{q'',q'') = q-'-''-''\a,be [). 
Let a e t) and i e /. Set Bi — B{ei, e^), which is nonzero. Using H55|l we have 

B(e„ g°e,) = B(e, ® 9'^* + 1 ® e^, q" ® a) 

= B(e„9'^)B(g^',e,) +B(l,g'^)B(e„e,) 

since B{ei,q°-) ~ 0. Similarly, we have B{e.i, q'^Ciq^"') = B{ei,q°^ei)B{q''\q~°^) 
implying 

(56) =B(e„g''e,g-''). 
To complete the proof we need the following relation: 

(57) q-'e.q-' =g"*('')e. 

This relation is equivalent to q'^^eiq^^' — g^'C'^^Ci which follows from expanding 
q = and using the relation [a, e;] = ai{a)ei. From (|56|l and (|57|) we have 

Thus, (a,7i) — ai{a), but Q;i(a) = di(a,hi), and so 7^ = dihi, which completes the 
proof. 

9.2. The quantized universal enveloping superalgebra Uh{b+). In this sub- 
section we show that there exist a bilinear form on Uh{b-\.) such that [/?i(b+) modulo 
the kernel of the form is isomorphic to Uh{b+). 

Theorem 41. There exists a unique bilinear form on Uh{b+) which takes values 
in <C{{h)) with the following properties 

B{xy, z) =B{x (g) y, A(z)), B{x, yz) ^B{A{x), y ® z) 

B{q'^,q'')^q~^^''\a,bei). 

iqi-li^)'^ ■ifi=j^m, 
B{ei, Cj) = \ 1 if i = j = m. 

otherwise. 

Moreover Uh{b-^) = IA+ :=hi+/ Ker{B) as QUE superalgebras. 
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Proof. The existence and uniqueness follows from the fact that the superalgebra 
generated by the is free. 

We will show that there is a nondegenerate bilinear form on Uh{b+) with the 
same properties as B. From the proof of Lemma ^U] we have that Uh{b+) = 
[/_/i(b+)*°P. But the even homomorphism C/_;i(b+)°P — > Uji{b+) given by con- 
jugation by g~^^>/^, where Xi is a orthonormal basis for f), is a isomorphism. 
Therefore we have a even isomorphism Uh{b+) = (&+)*• This isomorphism gives 
rise to the desired form on Uii{b+). 

So the form B is the pull back of the form on Uh{b+). Implying that the kernel 
of the form on Uh{b+) is contained in the image of the kernel of B under natural 
projection. 

But the kernel of the form on Uh{b+) is zero since the form is nondegenerate. 
Thus we have Uhib+) ^ U+/Ker{B). 

9.3. The kernel of B. In this subsection we show that Ker{B) is generated by the 
quantum Serre-type relations (fT?)| -l( ^ . We first show that the quantum Serre-type 
relations are contained in Ker{B). To this end, we extend results of Lusztig 
The outline of this subsection is as follows. We start with the initial data: a free 
associative superalgebra 'f with unit and a Cartan matrix. Using the Cartan matrix 
we define a twisted multiplication on 'f (g) 'f (see (|59|) '). Then we prove that there is 
a unique form C on 'f whose kernel contains the quantum Serre-type relations. We 
end the subsection by showing that this implies that these relations are in Ker{B). 
Intuitively, this construction is imposing the information of the Cartan matrix onto 
the twisted multiplication which in turn is imposing the relations on the kernel of 
C. 

Let q be an indeterminate. Recall the definitions of Cartan data (<i>, (A,r),...) 
given at the beginning of this section. Let 'f be the free associative C(g)-superalgebra 
with 1 generated by 9i, for i € /, where the parity is for all generators except for 
^i, i £ T which has parity 1. 

For any v = '^i* ^ N[/], let 'i^ be the C(g)-subspace of 'f spanned by the 
monomials Oi-^0i^ ■ ■ - ^ik that for each i G /, the number of times i appears in 
the sequence ii,?2, ■ ■ ■ ,ik is equal to i^i. Notice that 'f = (B^'U- We say x G 'f is 
homogeneous if x £ 'i^, for such an x, set \x\ = v. For homogeneous x^x' G 'f, let 

(58) < |a;|,|a::'| >:=< ^ di^ift-i, ^ i/jaj >^ ^^diViv\oLj(hi), 

i j i,j 

where = X^^i* \x'\ = Yl^'jj- Note that < >= (}2vihi,Yl,^'jhj) 

where (, ) is the super-symmetric bilinear form on g (see 13. 2|) . 

We make 'f (g) 'f into an a superalgebra with the following multiplication: 

(59) (xi ® X2){vi ® V2) = (-l)*=^"^g<l"^l'l^^l>xi2/i (g X2V2- 

where xi,X2,yi,y2 € 'f are homogeneous. 

Let r : 'f 'f (g) 'f be the superalgebra map defined by r(6'i) = 9i ^ 1 + 1 ^ 9i. 

Proposition 42. There is a unique bilinear form C on ' f with values in 'C{q) such 
that C(l, 1) = 1 and 

1 tfi = j^m. 

otherwise, 
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(2) C{x, yz) = C(r(x), y ® z) for all x,y,ze 'f, 

(3) C(xy, z) — C{x <E)y, for all x,y,z £ 'f 

where the bilinear form on ' f® ' f ( also denoted by C) is given by 

(60) C{xi®X2,yi®y2) = (-l)*^^^C(a;i,yi)C(x2,2/2). 

Proof. The proof is similar to the proof of Proposition 1.2.3 in TS". Here we define C 
and refer the reader to for the rest of the proof. First, we define a superalgebra 
structure on 'f*. 

For any ly,!^' S N[/], composing the map r\i{^^^, : 'i^+v' ^ 'f 'f with the 
projection 'f ig) 'f 'f^ (g) 'fj,/, we have the hnear map 'fi^+y' 'ii, 'f,y'. Taking 
the dual, we obtain linear maps 'f* ®) 'f*, — > 'f^^^'. This defines an associative 
superalgebra structure on 'f*. For each i E I, let ^/f* be given by 

1 if i = m. 



Let (j) -.'i—f be the unique superalgebra homomorphism preserving 1, such 

that (t){9i) — S^i for all i. For homogeneous x,y & 'f, set C{x,y) = (— l)^*'0(j/)(a;). 
Now ^ follows as ^ is an algebra homomorphism. From the definition of 4> we 
have 

(61) C(.x,t/) = imless |x| = |y| 

for homogeneous x,y G 'f. 

After putting in appropriate signs coming from lf5^ and l|Hn|l . the proof of © 
follows as in [T^ . 

Let Ker{C) be the kernel of the form C, then Ker{C) is a homogeneous ideal of 
'f. Let f = 'f/ifer(C). From (|61|l . the decomposition 'f — (Biy'tp gives a direct sum 
decomposition of f = (Sj^ii,, where fj^ is the image of 'f,y under the projection 'f f. 

Proposition 43. The relations U6]} -I^2(J \} with e replaced by 9 hold in the superal- 
gebra f. In particular, 

(62) dl^O tfT^{m}, 
(63) 

- (9 + q^^)Snidni-idm+i6m = if m ~ I, m, ui + 1 e I and amm = 0, 

(64) 

Om-ldm ^ {q + ^ 1)^*777 ^777 " (<Z + ^ l)^'m^7n-1^7n + ^m^77i-l = 

if the Cartan Matrix A is of type B, t — {m} and s — m. 

Proof. The relations 117|l and (|18|l e replaced with 9 are the normal quantum Scrre 
relations and follow from Proposition 1.4.3 in JS]. From l|61l) . we have relation H62() 
holds if C((?^„,6'^„) = 0, which follow immediately from Proposition 021 part 

We will now show the relation (|63|l holds when m—l,m,m + l G / and amm = 0. 
In this case we have 

(65) ay = (1 + (-l)^'''")^7j - (-l)^-"*,j-i - ^7j+i 

for i,j G {m — 1, m, m + 1}. We also have dm-i — dm — 1 and dm+i = —1- 
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Let I be the left side of relation (|63|l . To show that relation H63(l holds it is 
enough to show C{x,l) = for all x G 'fi(m-i)+2(m)+i(m-i)- By relation (|62|l the 
vector space fi(m-i)+2(m)+i(m-i) is generated by 

dmdm-lOmOm+l, ^m^m+l^m^m-1 , 
^m — l^Tn^m+l^Tn; ^m+1^7n^m — l^mi ^m^m— l^m+l^m- 

Therefore it suffices to check that C{x, I) = 0, when x is any of the above generators. 
We will check this condition for 9m+idm0m~i0,m the others follow similarly. 
Let Ci — {qi — q^^)~^. From 159|l we have 

(66) = 

We use (|60|l , (|65f) , H66|) and Proposition 22 pa-rt lO to make the following 
calculations: 

dm <E) Om-lO„r, r{em0,n-l)r{9,ndni+l)) 
= — qC{6m+l0rn, Qm(^m+l)C {6m-lQm, ^'m-l^m) 

^ (^99 '^)C{9m+ldm,Qm(^m+l)C{9m-l0m,QmSm-l) 

= - q{qcr,t+i){cm-i) - {-qq^^)iqc„i+i){q^^Cm-i) 

— q ^m+lCm — 1 — 

Similarly we have 

02 '~C{9m+i9,yidm-l9m,6„idm+l9„idm-l) = 

03 ■=C{9m+l0m0m-l9m,9jyi-ldm9m+l9m) = 

0-4 ■—C{9m+i9„i9,n-ldm,6m+ldm()m-l&m) = —C„i+lCm-l +q ^C„i+lC„i_i 
05 '■=C{9m+ldmO„i-l9m,d,ndm-ld7n+l&m) = ~qCm+lCm-l + <? "'cm+iCm-i 

So 

C(^'m+l6'm^'m-l6'm, ^1 + ^2 + 03 + 04 - + 9^^)05 

= [-q^ + l-l + q-^-{q + q'^){-q + 9"^)]c,„+iC„,_i = 0. 

It is not hard to follow the above computation and show that H64|l holds and so the 
Proposition follows. 

One can continue to follow ^H] and show that the Drinfeld-Jimbo type C(q)- 
superalgebra (see ^l^J) can be recovered from f. This result is not essential for 
our purposes here. However, in order to shed some light on the larger picture we 
will now state the results without proof. 

Let 'U be the C((7)-superalgebra generated by q^\ and /; for i £ I modulo 
the relations (|15|l and 

(67) q'^'q'^, ^q'^^+'^,^ q'^^ e, = q^^^ e.q'^' , q'^' fj ^ q-"'' fjq'^' ■ 

Let U be the associative C(<7)-superalgebra 'U modulo the following relations: for 
any relation g{6,) e Ker{C) we have gie^) = and g{fi) = in U. Let U° {'Vq) 
be the sub-superalgebra of 'U generated by q'^^ {i G /) (resp. q^',ei {i e /)). Let 
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f ^ \J {x i-^ x'^) and f ^ U (x i— > x ) be the homomorphism such that — 9^ 
and fi — 9^ for all i £ I. As in one can show that 

f (g) U° ® f ^ U given by u ® g° w i-^ u~qw^ 

U" (g) 'f ^ 'V^ given hy q" x ^ g^x^ 

are isomorphisms of vector spaces. From the first isomorphism and Proposition 1431 
it follows that the superalgebra U is isomorphic to the D-J type C((7)-superalgebra 
(which is the superalgebra 'U modulo ifT^ - lt^ l. 
Now we are ready to prove the following theorem. 

Theorem 44. The quantum Serre-type relations ^16]) - f20\) are contained in Ker(B). 

Proof. Recall the superalgebra hl+ of Theorem |2H1 By setting q to e^l"^ one can 
obtain an injective superalgebra morphism 'U,]" Then the composition 

'f 'f-> '\]+ 

is injective. The form C : — > 'f of Propositionl42lcorresponds (under the above 
composition) to the form B. Therefore, Proposition 1431 implies that the quantum 
Serre-type relations are contained in Ker{B) 

Corollary 45. Ker{B) is generated by the quantum Serre-type relations ^16]) - 1^20\) . 

Proof. Let U+ — U+/ Ker{B). By construction the superalgebra f//j(b+) is isomor- 
phic as a vector space to t/(b+)[[/i]], implying = [/(b+)[[/i]]. Combining this 
observation with Theorem ^1 and the fact that b+ is the quotient of b+ by the 
classical super Serre-type relations (|13|) we have that the Ker{B) is generated by 
the quantum Serre-type relations. 

9.4. Generators and relations for Uhis)- 

Theorem 46. Let q be a Lie superalgebra of type A-G. The QUE superalgebra 
Uhio) is isomorphic to the quotient of the double D(U+) by the ideal generated by 
the identification of \) <Z U+ and f)* C U^, i.e. the Etingof-Kazhdan quantization 
Uhio) is isomorphic to the Drinfeld-Jimbo type superalgebra Uj^'^ [q] (see " m.'i]) . 

Proof. Recall from ij3.2l that the Lie superbialgebra structure of g comes from iden- 
tifying f) and f)* in ® [) = b-)- © b!^. Also since the quantization commutes with 
the double we have 

Uh{D{h+)) - D{Uh{h+)) = Uh{b+) ® Uh{h+Y°P. 

Therefore, we have Uhio) is isomorphic to D{Uh{^+)) ~ Uh{^+)®Uh{b+Y°^ modulo 
the the ideal generated by the identification of () C Uh{^+) and 1)* C Uh{b+Y°^ ■ 
But from Theorem ETl we have that D{Uh{b+)) — D{U+) and then CoroUarv 1^ 
implies result. 

10. A THEOREM OF DRINFELD'S 

Recall the definition of Ag^t and U^'^ {q) given in tl4.1l and 'i'd . 3h 'espectivelv. Here 
we use all the results of this paper to show that the categories of topologically free 
modules over A^^t and Uj^'-' {q) are braided tensor equivalent. We do this in two 
steps: (1) we show that Utio) ^s,* have equivalent module categories, (2) we 
use the fact the that Uj^^ {q) and Uhis) are isomorphic to prove the desired result. 
For more on braided tensor categories see P El • 
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10.1. The E-K quantization Uh{g) and Ag^t- In this subsection we show that 
Uhis) is the twist of Ag,f by J. To this end we recall the following definitions. 

Let {A, A, e, $, R) be a quasitriangular quasi-superbialgebra (see An in- 

vertible element J G AiS) A is a gauge transformation on A if 

(e(g)id)(J) = (id(g)e) = 1. 

Using a gauge transformation J on A, one can construct a new quasitriangular 
quasi-superbialgebra Aj with coproduct A /, R-matrix R and associator <i>j defined 

by 

Aj = j-^Aj, Rj = {rpy^Rj, 

$j = J2V(«'^® ^)(•^~^)*(^®«^^)(•^)•^12■ 
AS is the case of quasitriangular (quasi-)bialgebra, the category of modules over 
a quasitriangular (quasi-)superbialgebra is a braided tensor category. 

Theorem 47. Let A and A' be a quasitriangular quasi-superbialgebra. Suppose 
that J is a gauge transformation on A' and a : A A'j is an isomorphism of qua- 
sitriangular quasi-superbialgebra then a induces a equivalence between the braided 
tensor categories A' -Mod and A-Mod. 

Proof. Let a* : A'-Mod — > A-AIod be the functor defined as follows. On objects, 
the functor a* is defined by sending the module W to the same underlying vector 
space with the action given via the isomorphism a. For any morphism f : W X 
in A'-Mod let a*{f) be the image of / under the isomorphism 

A standard categorical argument shows that this functor is an equivalence of braided 
tensor categories (see §XV.3 of (EI)- 

Let be a Lie superalgebra of type A-G. Recall from H3. 21 that g has a unique 
non-degenerate supersymmetric invariant bilinear form. Let t be the corresponding 
even invariant super-symmetric element of g. Let J be the element of U (g) [[/i]]*^^ 
defined in (|32() . By definition of the coproduct and R-matrix of Uh (g) (see i j5.2|l we 
have that Uhis) = {Ag,t)j. 

10.2. Main theorem. Let X be a topological (quasi) Hopf superalgebra and let 
X-Modfr of topologically free X-modules of finite rank (see H2.2|l . The following 
theorem was first due to Drinfeld in the case of semi-simple Lie algebras. 

Theorem 48. The braided tensor categories Ag^t-Modfr and Uj^"'{Q)-AIodfr are 
equivalent. 

Proof. As mentioned at the end of the last subsection Uhio) — (^g,*),/. Combining 
this fact with Theorem 1461 we have that there exists an isomorphism of quasitrian- 
gular quasi-superbialgebra 

Now as a consequence of Theorem 1471 we have that the categories Ag^t-Modfr and 
Uf^"^ {Q)-Modfr are braided tensor equivalent. 

Remark 49. Drinfeld's proof of Theorem 1481 in the case of semi-simple Lie alge- 
bras uses deformation theoretic arguments to show the existence of a. Our proof 
constructs the isomorphism a explicitly. 
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